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Analysis of a temperature distribution of a laser welding of metals
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Abstract. In this paper the theoretical model for laser welding was shown. It was stated the boundary problems for
heat transfer equation in the range of material layer with finite thickness for moving laser source. It was currying out
the nondimensional analysis, where the problem solution was stated by three dimension]ess parameters. The.
constructed solution will be used for optimization and expenmental v-erification under the .laser treatment
processes.; .
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1. Introduction

Lasers with high values of power are often used in industry for laser welding, laser cutting, laser
hardening and laser alloying by means of method [2-5, 7, 11-13,15, 16, 18]. In [1, 6] it is analyzed the
above problem on the basis of temperature distribution model for heat equation with a moving source.
Usually the mathematical models are limited to linear sources, homogeneous sources or point sources
[9]. These wasn't take into account finite sheet thickness and take the simple heat exchange conditions
at the limiting surfaces of the sheet. In present paper we describe spatial problem of heat distribution
within the layer with finite thickness, for source model in the form
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of Gaussian beam absorbed down the material. Boundary condition describes all heat exchange
(mixed problem). It was obtained the solution of above problem using the integral Fourier transform
method. The solution of the problem is represented by single integrals, which one can easy to

calculate numerically.

2. Formulation of the problem

In the coordinate system connected with a source, the temperature distribution in a moving sheet
is describing by the following equation [10]:

oT
pev o kAT = ¢y, : (1)

T:(z,y,2) = Ry, (z,9) € RXR, z€(0,L)

and boundary conditions:

IcgZ = h, (T — Tp) for z =0,
% o (2)
B =0 : -fqr zi= L,

ngnoo(T —-Ty) =0, ngnoo |grad T'| = 0,

R=VETF,

where:
T — temperature within a layer,
To — ambient temperature,
v — velocity of a sheet moving in the X direction,
p — mass density of a material,
c — heat capacity of a material,
k — heat conductivity of a material,
h, — coefficient of external heat exchange; h, = he + hy,
Qv — spatial distribution of voluminal density of source power.
2P¢
_ —yz 3
= T e
0 ﬂngf( y)e” %, (3)
where:

f(x, y) —distribution of the laser radiation,
P — beam laser power,

e  — absorption ability of a material,

L — sheet thickness,
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y — coefficient of radiation absorption of a material,

2Wo — diameter of laser beam,
he = 13 Re™ Pr* k,,,/B [10], ;

B — distance from a nozzle to sheat,
Re — Rayleigh number,

Pr — Prandtl number,

kg, — heat conduction of gaz (argon),
hr=gdT

0 — Stefan-Boltzmann constant.

Dimension analysis of the set of physical parameters permiss us to write the problem in the

following dimensionless form:

o8 820 9% 926
8331 =Ve ( + ox2 + )
»
Oz3 Jz|—

where dimensionless parameters are:

6= (T-T,)/T,, — dimensionless temperature,
Tm — melting temperature,
V=k/(rcvL) — Veron’s number

Bi=h,L/k >0 — Biot number,

z

m = Pg/(pcT,,TiW,>v) > 0 — dimensionless heat power,

Yo =YL > 0 — dimensionless absorption coefficient,

+ me 0% f(zy, x4),

= Bifl, z3=0, hm 6= lim |V =0,

l |—»oo

06
Bos =0, z3=0L, |z|=+/2?+ 22,

A =V2L/W, > 0 — dimensionless parameter of Gauss distribution,

X1 =x/L, X, = y/L, x3 = z/L— dimensionless coordinates.

3. Solution of the problem

We are looking the solution of the equation (4) in the following form:

where:

Tg = 21 +

4\2V,’

9= e;‘}-?e“"mel (zo,z2) + efz‘}S()z(zo,xg,m),

61(zo,z2) and 02z, z2,73)

are the functions which satisfies the following equations:

5%, 0%,
(75 4\/2)91+ 522 o2 +
5%, 0%, 6202

( 4V2)92 Ozt * Oz’ * Oz’

YA 2

=0

2v ezzv.3 ‘f(xo’ 1;2)

=0,

(4)
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and boundary conditions;

o9 , .

p) 2. (’YO + Bl)az = (70 + Bl)gl, z3 = 07
r3

o0

-672 - Y02 = Y61, z3=1.

(7)

We shall to construct the solution of the problem by using the integral Fourier transforms with
respect to Xp and X; [8]:

def —i(azx T
§(20,12) — (a, B), [01,2] = /91,2(%,932)8 (awo+ha2) 4o dizy (8)
R2
and
3o, 22) — (a, B), [mce;;‘ggf($o,$2)] déf/moe;%f(xo,$2)e_i(am°+ﬁzz)dx0d$2
RZ
def
= 4o, B). 9)
After the above transformations we obtain:
b = g (10)

o+ 4 =%

R —z3, [e?+f2+ I —|2=z3|, [ 482+ 5
6, = Ae ' 4+ Be Ve

; (11)
a?+ 6% + 12 = K, Rek > 0,
4V
where A, B constans one can obtain from boundary conditions:
o g (Bt ) = 2 (c— Bi)o~
= V1 A ’
- (70 + Bi) — 20UtB) —(+70) (12)
B = 01 A )
A = (k- Bi)e™%* — (k + Bi).
After some calculations, we get:
1 gei(azo+ﬂa:2)
61(zo,x2) = ——/ dadg,
W | T
(13)

62(1:0» vax-?) = Z’:}E/é2(a,ﬂa $3)ei(azo+632)dadﬂv
R2
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On the case K% = 1/(4V?) — Y,> > 0; the solution of the problem (after transformation) has the

form:
1
4, = meYA"Ve §(e, B) —m g
A a2+ﬂ2+4—\173—7§— Y0 + B+ K2’
112
2 _ (L \_ .2
Ko = (2ve) % >0, (14)
1
mo = —me TV
r —2Zo
§(0,B) = §(@o,2) ¢ 2% fu(0,22)],
1
f1($0;$2)=f($o—m,fﬂ2), (15)
§, = Ae™®" + Be~(2==3)", (16)
A (_ b1 ) k(70 + Bi) = yoe~(*+7) (5 — Bi)
“\ K (k + Bi) — (k — Bi)e=2~
B (_ A ) —(k + Bi)yp — e~(*+%) (v, + Bi)
“\ & (k + Bi) — (k — Bi)e~2~ '
So, we have:

Ao 01 | . R ._(7 +,¢) —KZ3
0, = [K/(')’O + Bi) — vo(k — Bi)e ™\ ]e (18)

+ [(K + Bi)ye™" — &(v0 + Bi)e"‘] e~ (1==a)m
A =(k + Bi) — (k — Bi)e ",

0, =Zl—2 /énei(a’°+ﬁ12)dadﬂ, n=1,2
™ A

The function ©0(x,,X,) can be represent in the form of the following convolution:

61 =01 9= /911(50,52)8_(1":e )f(xo —&o — w, 12 — &2)d&odés, (19)
R2

where:
mo ei(azo+pPz2)
= — [ ————dad 20
911($05$2) 47T2/C22+,B2+I€3 a )6 ( )
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and describes the general solution for equation (6). Using simple calculation we find that [17]:

911(.’170,.232) = %Ko(ﬁop), p= z2 + 22, (21)
K,(.) — Me Donald's function.
So, we have:
_ Mo i 2 AN
b1(z0,22) = 22 | [ Ko(kov/@o = & + (22— &7 )e% f(6o — w, &2)doda. (22)

Acting in the same way we can write the function ©,, as follows:

Ba(an,a2,22) = [ 61()mdtodes (23)
RZ
where:
1 1 .
- el —KT3 —k{(1—z3) | i{azo+Bz2)
b = 1 / — [ae™= +be Je dadp (24)
RZ

a = (7o + Bi) — (s — Bi)e~(0+%)
b= (k + Bi)ye ™ — k(v + Bi)e™"

Assuming that the Gauss distribution of the laser radiation is given in the form:

Flan, mp) = e~ N (Hed), (25)
we can write 6\ as follows:
w? —(lu‘2+ﬂ2)

~ me e a2
6, = - 26
YT VA2 a? + B2 + K3 (26)

—(e?+p%) .
0, = / e 7 elenotin) dadf (27)
L=m a? + (? + K} @

R2

where: m; = 2mexp(W2)/rvt, w = 1/(4A%V,)
Applying De'Hoop transformation [8]:

azg + Bxe = pw,
—axz + Bzo = pg,



Analysis of a temperature distribution of a laser scanning treatment of metals 111

we obtain:

Putting: w =rcosg, ¢ =rsinp, r = \/w? + ¢* we have:

oo 2,2
6, = my / dr / LT Gipreose g, (29)
T2 + K2 ’
o 0
o0 -2
6, = 27r/ € T Jo(or)dr (30)
1=my T2+K%0PTV )
0

After a simple transformation one can write ©; in the form [17]:

61 = 2mrm1 Ko(kop) — 27m4 /e"'"g’g_r 57—_d7', (31)
0
where: u = A2 « 1,
) -2
e xr 9
02(z0, 22, 23) = 27my / ———F(r%,...)Jo(pr)dr, (32)
T + Ky
0
where:
F(r?) = — [ae™% 4 be~~(1-2)] (33)
and
I 1 (34)
K=4/r°+ 2

The above integral expressions for ©; and ©, one can write as the definition formulae of the Bessel
transform for functions [17]:

. 5
1(r) = 2 + K2
and
e_ff
F2(T) = F(Tzv )
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For the case: K% = 1/(4V20) - );o >0, K4 = |K20|

® x —(—-!—1_"""" +iwp
0, = m/dq/w2+q2 ey dw, see (28),

or

) oo (P q? —r2)
0, =m / dq / dwelwq—wc%.e______q__i_
IR

Thus, we can write:

o0 0

01 = mqe / dq / dwe"‘”’ [/ _V(w +e’—x )dll+ m .
1

- 00 u
Using denotation:

6, = 911 + 612,

0 o0 oo

2 2 2 2,
611 =m1e'“’°1/e""1du / e "% dq / e vWI WAy

u - 00 —00

0
a2 21 _ 2
fi2 = myme “‘1/e””1’—e wdv
. v
u

and finally, for ©;; we obtain:
r 1
2 2
611 = —mm/e""l(“’”);e"ﬁvdv,
0

for Q,, we have:
(o]

‘ 1
612 = d dwe™? o
12 ml/ Q/ we (w2+q2_n%)
eiwp
=mm H(|w] — k1)dw
2 —
—00 1

and basing on [17], we have:

2 —ux?
012 =myr-e uK"No(qu),

(35)

(36)

(37)

(38)

(40)

(41)

(42)
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where Ny(.) — Neumann function, H(.) — Heavisidea function.
Finally:

U

. 2
6, = -mlwe““'“? [/ «a'“?”%e"&v7 dv + wNo(nlp)]. (43)
0

©, one can obtain from equation (23), putting @, from (43) and O,;:

B2 = 2Tmy / F(r2,.. )Jo(pr)dr (44)
0
and finally:
0= [ 61620 — 0,2 = €2)6u1 (60, €2) e (45)
R2?

Since functions F;(r) and F,(r) are rapidly decaying functions with respect to the r variable, make
the calculation of the integral effectiv. The numerical analysis and discussion of obtained relation we
will present in the next paper.
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J. RAFA, S. KACZMAREK, W. PRZETAKIEWICZ, A. PAWLATA

Analiza rozkladu temperatury w warstwie metalu przy spawaniu
laserowym

Streszczenie. Przedstawiono model matematyczny spawania laserowego warstwy metalowej.
Sformutowano problem graniczny dla przyjetego modelu i skonstruowano (metoda transformacji
catkowych) jego rozwiazania w postaci bezwymiarowej dla pelnego zakresu parametrow fizycznych
i technicznych. Wyznaczono liczbg Verona determinujaca jakosciowy rozktad temperatury w warst-
wie. Otrzymane rownanie sluzy do obliczania izoterm w materiale i umozliwia optyrnalizowanie
procesow technologicznych laserowej obrobki metali.

W. PA®A, C. KAUMAPEK, B. IhIxETAKUEBUY, A. TABJIATI

AHaJu3 pacnpeejeHHs] TeMIepaTypsl UIs1 00pad0oTKH MeTANIO0B Ja3epHOii
CBapKoO#

Pestome. IlpencraBneHa maremaTHuecka MOJEIb JIA3€PHON CBapKU METAJTIMUECKOTO CIIOS.
®opmmmpoBaHHas HpenenbHas IpodieMa I IPHHATOH MOIEIM M IOCTpOeH (MEeTOIOM HH-
TerpajbHbIX IpeoOpa3zoBaHmil) e€¢ pemieHus B Oe3pasMepHO (opme [uia IMOJHOTO AMAa3oHa
(M3UIECKUX U TEXHUIECKHUX ITapaMeTpOB.

OmnpeneneHo uncno BepoHa, B CBOIO ouepelb ONMpPEAEISIONIYI0 KaueCBEHHOE paclpejielieHHe
TEMIIepaTypsl B CIIOE.

Iony4yenHoe ypaBHEHHUE TOJIE3HOE [UIS BBIYUCIECHHU U30TE€PM B METaJlIe U JIeNaeT BO3MOKHBIM
ONTHMHU3HPOBAHUE TEXHOIOTHUYECKUX MTPOLIECCOB JIa3epHOH 00PabOTKH METAIIOB.



